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Fig. 3 Distance between the center of pressure Lp and the vertex of the
cone vs ¯ ight time t.

Fig. 4 Projections of body trajectories onto the horizontal plane (lat-
eral drift Y vs X coordinate); X and Y axes are the same as in Fig. 1.

When L c = 0.5 m, the presence of the thermal along the path
of the body has practically no effect on the trajectory; when Lc =
1.4 m, the change of the trajectory is much more signi® cant than in
the ® rst case due to less stability of the ¯ ight (or its instability in the
thermal domain).

The great difference between ¯ ight stability in cases Lc = 0.5
and 1.4 m causes an interesting effect obtained from the computa-
tions. Projections of the body trajectory onto the horizontal plane
are shown in Fig. 4. At each point along the ¯ ight trajectory into
the thermal domain, the velocity ÃW has a positive Y component.
On entering the thermal domain, the body’s center of mass begins
to drift to the left under the in¯ uence of an incident ¯ ow, and the
body’s axis of symmetry begins to turn in the direction of the inci-
dent ¯ ow (clockwise in Fig. 4). When L c = 0.5 m, the body lines
up rapidly with an incident ¯ ow and continues to shift to the left.
When L c = 1.4 m, it turns out that clockwise rotating body gets
into the region where it loses stability (see Fig. 3). In this situation,
the clockwise rotation of the body is enhanced even more. As a
result, on leaving the thermal the body goes to the right, i.e., in the
direction in which it has been turned. The trajectory oscillations in
Fig. 4 are due to the yaw angle oscillations.
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I. Introduction

D URING the past 20 years, a number of formulations, based on
the streamfunction as a coordinate (SFC) concept, i.e., writ-

ing the governingequations in a system of independentcoordinates
aligned with streamlines, have been used in computational ¯ uid
dynamics (CFD).1¡ 6 One attractive advantage is that SFC formu-
lations permit computation of the parameters of the ¯ ow without
prior grid generation in the computational domain. The governing
equations play a double role of both the equations describing the
motion of the media and the grid generation equations. As a re-
sult of this, both computational time and memory requirements can
be reduced. Furthermore, the resulting streamline-aligned compu-
tational grid naturally conforms to the boundaries of the physical
domain. These features are utilized in most of the works dealing
with the SFC method in CFD especially for the solution of inverse
or optimal design problems in aerodynamics.1,3

An essential feature of the SFC technique is the choice of the
independent coordinate, which compliments the streamfunction to
produce the nondegenerate system of independent coordinates. It
is well known that one of the major limitations of the original von
Mises approach7 is that the resulting system of coordinates degen-
erates at locations where the velocity vector is normal to the axis of
the transverse Cartesian coordinate. This situation is typical for the
¯ ow in the vicinity of the leading edge of an airfoil. This limits ap-
plicabilityof the von Mises approach to cases where one can expect
in advance that the ¯ ow direction will not change signi® cantly over
the ¯ ow domain.

In the current work, a streamline-based transformation that gen-
erates an orthogonal streamwise coordinate system is used. Un-
like similar formulations used in Refs. 4 and 5, the formulations
developedand used in this work have an advantage in that they have
a conservativeform, ensuring both global and local conservationof
mass and irrotationalityof the velocity vector ® eld.

II. Reformulation of Governing Equations
The assumptions that the velocity vector ® eld is potential (irrota-

tional) and that the ¯ ow is isentropic and isenthalpic are well estab-
lished in modelingof compressible¯ ows. Under these assumptions,
the equations of momentum and energy follow from the continu-
ity and irrotationality equations,8 and the governing system may be
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reduced to just one second-order equation for the velocity vector
potential.

Following Ref. 8, the governing system in Cartesian coordinates
(x , y) can be written as

wx + fy = 0 (1)

where

w = [ y m q u

v ] , f = [ y m q v

¡ u ]
where m = 0 for plane ¯ ows, m = 1 for axisymmetric ¯ ows, and
density q = q (q) is a known function of q = (u2 + v2)1/2 , as
follows from the relations of constant entropy and full enthalpy.

Consider two differential relations

d} = C( } )(u dx + v dy) (2)

d w = B( w )y m q (u dy ¡ v dx) (3)

where B( w ) and C( } ) are given positive functions,which are used
to control spacingof the mesh. Note that the right-handsidesof both
Eqs. (2) and (3) are full differentialsbecause of Eq. (1). Therefore,
relations (2) and (3) de® ne a transformation from Cartesian coor-
dinates x and y to orthogonal curvilinear coordinates } and w . To
write the governing equations in these new independent variables,
relations (2) and (3) are inverted to obtain

dy = u J1 d w + v J2 d} (4)

dx = ¡ v J1 d w + u J2 d } (5)

where J1 = (B( w )y m q q2) ¡ 1 and J2 = (C( } )q2) ¡ 1. Requiring that
the right-hand sides of Eqs. (4) and (5) be full differentials results
in the following formulation of the system of governing equations
in the ( } , w ) plane:

W } + F w = 0 (6)

where

W = [ u J1

v J1 ] , F = [ ¡ v J2

u J2 ]
A. Reduction to a Single Second-Order Equation

It follows from Eq. (4) and the ® rst equation in Eq. (6) that

u/ q q2 = B( w )y m yw , v/ q2 = C( } )y} (7)

Substituting Eq. (7) into the second equation in Eq. (6) yields

( f y} ) } + [(1/ f )yw ]w = 0 (8)

where f = J1/ J2 = C( } )/ [B( w )y m q ]. Notice that Eq. (8) is the
second of Eqs. (6), written in terms of y and its derivatives, and
that the ® rst of Eqs. (6) is also satis® ed because of relations (7).
Therefore, Eq. (8) can be taken as a governing equation in place of
system (6).

If the unknown function y = y( } , w ) is found, the primitive
variables u and v can be calculated from Eq. (7), because in an
isentropic and isenthalpic ¯ ow q is a known function of q and,
therefore, Eq. (7) becomes a system of two algebraic equations for
the unknowns u and v.

However, as direct calculation shows,

@(u/ q q2, v/q2)

@(u, v)
= ¡

1

q q4 ( 1 ¡
u2

a2 )
where a is the speed of sound. Therefore, the algebraic system of
Eqs. (7) degenerateson limiting lines8 of the ¯ ow where u2/ a2 = 1.
This implies that special consideration, allowing the choice of the

correct root in the algebraic system (7), needs to be used when
computing transonic ¯ ows with limiting lines.

B. System of Two Second-Order Equations

In this section,an alternativeformulation,which makes it possible
to avoid the problemof nonuniquenessof the solution to system (7),
is derived.

Using Eqs. (4) and (5), the ¯ uxes W and F can be written in
terms of the partial derivatives of the functions x = x( } , w ) and
y = y( } , w ):

W = [ f x }

f y} ] , F = [ x w / f

yw / f ]
and u and v can be determined from

u/ q2
= C( } )x } , v/q2

= C( } )y } (9)

Unlike system (7), system (9) can always be resolveduniquelywith
respect to u and v. Equations (6) then become a system of two
coupled nonlinear second-order equations for x and y.

III. Numerical Results
Figure 1 shows the results of application of the formulation de-

veloped in Sec. II.A to the calculationof the transonic potential gas
¯ ow in a converging±diverging nozzle. Equation (8) has been ap-
proximated using central differences and arti® cial compressibility
applied in transonic regions. The resulting set of ® nite difference
equations has been solved using approximate factorization iterative
technique. To deal with nonuniqueness of the solution of the alge-
braic system (7), a ® nite differenceapproximationof the differential
equation for Mach number, which follows from Eq. (6), was used at
the transonic nodes of the grid to ® nd u and v from known distribu-
tion of y = y( } , w ) on the current iteration, as suggested in Ref. 6.

Figure2 showsresultsobtainedusingthe formulationdescribedin
Sec. II.B.The subsonic¯ ow througha bumpy axisymmetricchannel

a) Streamline grid

b) Pressure contours

Fig. 1 Transonic ¯ ow in a nozzle.
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a) Streamline grid

b) Mach number contours

Fig. 2 Subsonic ¯ ow® eld in the axisymmetric bumpy channel.

was calculated using central difference approximation and point
Gauss±Seidel iterative algorithm with multigrid acceleration.

The implementation details of the numerical algorithms used to
compute the ¯ ows presented in Figs. 1 and 2, as well as a gen-
eralization of the coordinate transformation Eqs. (2) and (3) and
applications to steady supersonic vortical ¯ ow calculations, can be
found in Ref. 9.

IV. Conclusions
The new formulations for compressible potential ¯ ow equations

presented here utilize an orthogonal streamline-aligned system of
independent natural, body-® tting coordinates. An advantage of the
presentedformulationsover the similar previouslyknown ones1,3 ¡ 5

is that the formulations developed in this work are expressed as
meaningfuldifferentialconservationlaws, which allowsuseof them
to obtain conservative ® nite volume approximations.
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Introduction

R ECENT advances in various areas of computational ¯ uid dy-
namics (CFD) have prompted the use of the formulas devel-

oped by Hayes1 for the calculationof vorticity jump across a shock.
Very recently an interestingdiscussionof Hayes’ work by Isom and
Kalkhoran2 and Emanuel3 has appeared, which further tends to es-
tablish the correctnessof the work reportedin Ref. 1. The simplicity
and eleganceof the formulas derivedby Hayes are due to his choice
of the normal coordinateas straight lines in both the steady and non-
steady ¯ ow situations.Obviously curved normal coordinatescan be
chosen equally but their introduction will involve unnecessary al-
gebra with no change in the jump condition results.

The purpose of this Note is to obtain Hayes’ formulas in the
coordinates attached to an arbitrarily moving and deforming shock
surface that occurs in nonsteady ¯ ows. The formulas given here
can be incorporated in a ¯ ow solver that uses a coordinate system
attached to a moving and deforming shock surface. Further, the
essential geometrical properties of the shock surface are shown to
depend on quantities that are directly computable.

In the presentproblem, the geometryof the shocksurfacechanges
with time and, therefore, a coordinate generator has to be used for
the generation of surface coordinates and also for the calculation
of the elements of the surface curvature tensor. It seems that the
surface coordinate generator as developed by Warsi4 (refer also to
Ref. 5, p. 649) is most suitable for the present purpose inasmuch as
the coordinate generation equations in Ref. 4 explicitly depend on
the geometricalpropertiesof the surface, and they also satisfy other
differential-geometricproperties.6

Analysis
Let x i , i = 1, 2, 3, be a generaltime-dependentcoordinatesystem

such that x a , ( a = 1, 2), is a generalcoordinatesystem in the shock
surfaceand x3 = n the actualnormaldistancefrom theshocksurface
at any given time. Thus, the coordinatesform a local parallel surface
coordinate system at a given instant. Let r = (x , y, z) be a point on
the shock surface, then aa = @r/@x a , a = (1, 2), are the covariant
base vectors in the shock surface, and the grad or nebla operator
(repeated indices implying a sum) is

grad = a a @

@x a + n
@

@n
(1a)

where n is the unit normal vector at the surface drawn along the
direction of increasing n. Thus,

a a
= grad x a , a3

= a3 = n
(1b)

g13 = g23 = 0, g33 = g33 = 1

(Ref. 5, p. 579), where gi j and gi j are the covariant and the con-
travariant metric coef® cients, respectively. In the ensuing analysis,
we have adopted the nondyadicoperationfor the gradient of vectors
and divergence of tensors (Ref. 5, p. 602), i.e.,

gradu =
@u

@x a
a a

+
@u

@n
n (1c)

Received Feb. 3, 1997; revision received March 31, 1997; accepted for
publication April 3, 1997. Copyright c° 1997 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved.

¤ Professor, Department of Aerospace Engineering. Member AIAA.


